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motivation

News

one security traded at more than one venue/market

prices do not drift apart, but may differ at the high frequency −→ cointegration!
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motivation

News

though. . . market structure and design affect not only market’s dynamics and
liquidity, but also price discovery
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motivation

price discovery is about how the different venues impound new information

information share versus component share −→ estimate (α,Σ)

interest in time-varying measures −→ daily VECM
(Hasbrouck, 2003; Mizrach & Neely, 2008; Chakravarty, Gulen & Mayhew, 2004)

why not a realized measure of Σ then?
though. . . market microstructure noise contaminates high frequency data

price discovery measures are inconsistent in their presence
this paper. . . for which reasons? how to recover consistency?
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contribution

exact discretization of a continuous-time market microstructure model shows how
sampling frequency affects discrete price discovery measures

to deal with market microstructure noise, we estimate not only Σ using robust realized
measures, but also α using instruments to control for the measurement error

instrument choice depends on how market microstructure noises interact across assets
and trading platforms −→ we consider two settings

we show consistency of the IV estimators and hence of the price discovery measures

simulations indicate that they work really well in finite samples

empirical price discovery analysis for BAC reveal that it is paramount to account for
market microstructure noise when determining market leadership (NYSE vs NASDaq)
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Hasbrouck’s (1995) price discovery model

simple discrete-time price discovery model

P1,ti = P1,ti−1 + ε1,ti , (1)
P2,ti = P1,ti−2 + ε2,ti , (2)

where εj,ti , are white noise processes

however. . . mid-quotes (in logs) cointegrate because they refer to the same asset
even if traded on different venues −→ efficient price is a common stochastic trend!

next step. . . we have to extend Hasbrouck’s (1995) to a continuous-time special
semi-martingale setting in order to use the realized measure apparatus
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price discovery model in continuous time

log-prices at different markets follow a k-dimensional OU process

dPt = Π0Pt dt + C dWt , with P0 = p0 (3)

where Π0 ≡ α0β
′ is a (k × k) reduced-rank matrix and β = (Ik−1,−1)

Kessler & Rahbek’s (2001) Theorem 1 shows that the Granger representation also
holds in continuous time

Pt = Ξ0 (CWt + P0) + ηt , (4)

where Ξ0 = β⊥
(
α′0⊥β⊥

)−1
α′0⊥ and ηt is a stationary OU process

common stochastic trend mt =
(
α′0⊥β⊥

)−1
α′0⊥(CWt + P0) is a martingale
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exact discretization

Kessler & Rahbek (2004) derives the exact discrete counterpart of (3)

∆Pti = ΠδPti−1 + εti , (5)

where Πδ = α0κβ
′ = αδβ

′, with κ = (β′α0)
−1 [exp(δβ′)− Ik

]
, δ denotes the

frequency of observations, such that ti = iδ for i = 1, . . . , n and εti is a Gaussian
white noise with variance Σδ

similarly, the exact discrete counterpart of (4) reads

Pti = Ξδ

i∑
h=1

εth +

∞∑
h=0

Ξ∗δ,h εti−h + P∗0 , (6)

where Ξδ = β⊥(α
′
δ⊥β⊥)

−1α′δ⊥ and Ξ∗δ,h depends on the parameters in (5)
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price discovery measures

1 αδ,⊥ captures the link between market innovations and the efficient log-price
(Gonzalo & Granger, 1995; Harris, McInish, Shoesmith & Wood, 2002)

αδ,⊥ results by projecting ιk into the columns space of α′δ, whose
identification follows from fixing β
interestingly, discretization does not affect αδ,⊥ in that α0,⊥ = αδ,⊥

2 information share gauges the contribution of each market to the total variance of
the innovation of efficient log-price (Hasbrouck, 1995)

ISδ,j =
[ξδFδ ]2j
ξδΣδξ′δ

, j = 1, . . . , k (7)

where Σδ = FδF ′δ =
∫ δ

0 exp(uΠ0)Ω exp(uΠ′0) du and ξδ is the common row of Ξδ
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price discovery measures as δ increases, with k = 2
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,1,⊥

IS is uninformative for highly correlated markets as well as for δ large enough

αδ,⊥ remains constant, though identification gets harder as δ increases
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estimating price discovery measures

consistency requires. . .
1 Σ̂δ

p−→ Σδ as n→∞

2 α̂δ
p−→ αδ as n→∞

in the absence of market microstructure noise, standard methods deliver consistent
estimates of αδ and Σδ

however. . . in the presence of market microstructure noise, these estimates are
inconsistent and hence any price discovery measure
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market microstructure noise

observed log-price
Xj,ti = Pj,ti + Uj,ti , j = 1, . . . , k (8)

where Uj,ti is the market microstructure noise at observation time ti

with k = 2, the first row of (5) reduces to

∆X1,ti = αδ,1
(
X1,ti−1 −X2,ti−1

)︸ ︷︷ ︸
X̃ti−1

+
{
αδ,1

(
U1,ti−1 −U2,ti−1

)
+ ∆U1,ti + ε1,ti

}︸ ︷︷ ︸
v1,ti

(9)

serial correlation in v1,ti even if the microstructure noises were mutually orthogonal,
white noise processes independent of the efficient log-price

E
[
v1,ti v1,ti−1

]
= − (1 + αδ)ω

2
1 (10)

E
[
v1,ti v1,ti−q

]
= 0 for any q > 1 (11)

with ω2
j = var(Uj,ti )
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solutions for estimating αδ and Σδ

1 realized variance is biased and inconsistent estimator of the integrated variance nΣδ

market microstructure noise may exhibit autocorrelation and correlation with
efficient log-price ⇒ realized kernel!

2 least-squares estimator α̂δ,1 is typically inconsistent because

E

[
X̃ti−1 v1,ti

]
= (αδ,1 − 1)ω2

1 + αδ,1ω
2
2 6= 0 (12)

even if Uj,ti is a white-noise process with cov(Uj,ti , εj,ti−q ) = 0 for all q ≥ 0

α̂δ,1
p−→ αδ,1 +

[
ω2

1

var
(

P̃ti−1

)
+
(
ω2

1 + ω2
2
) − αδ,1

(
ω2

1 + ω2
2
)

var
(

P̃ti−1

)
+
(
ω2

1 + ω2
2
)] (13)

though. . . inconsistency reduces as sampling frequency decreases
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impact of sampling frequency

yes, relative bias reduces, but it does not vanish in the limit ⇒ IV approach
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IV approach

instrument choice depends on correlation patterns in the market microstructure noise

assumption A
Uj,ti is a zero-mean covariance stationary MA(q) process such that

1 γj,s (q) ≡ E(Uj,ti Us,ti−q ) <∞ for q ≤ q and γj,s (q) = 0 for q > q
2 ρj,s (q) ≡ E

(
εj,ti−q Us,ti

)
<∞ for q ≤ q; and ρj,s (q) = 0 for q > q

assumption A does not rule out dependence between the market microstructure noises
and the efficient log-price
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a valid set of instruments

for simplicity, assume k = 2, such that β′ = (1,−1).

a valid set of instruments for X̃ti−1 in (9) is the m× 1 vector

Zti−m =
(

X̃ti−q−2 , X̃ti−q−3 , ..., X̃ti−q−m−1

)′
, (14)

where X̃ti−q−1−` =
(
X1,ti−q−1−` −X2,ti−q−1−`

)
with 1 ≤ ` ≤ m it follows from the

I(0) component of the Granger representation in (6) that

i. E

[
Z`,ti−q−2

vj,ti

]
= 0 for ` = 1, 2, ...,m

ii. E

[
Z`,ti−q−2

P̃ti−1

]
=
∑∞

h=0 ΘhΣδΘ′q+`+h <∞, for ` = 1, 2, ...,m,
where Θh is the difference between the first and second row of Ξ∗δ,h in (6)
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asymptotic results

under assumption A and usual realized kernel regularity conditions,

i.
√

n (α̂δ − αδ)
d−→N(0,V )

ii. K (v̂ti )
p−→ nΣδ

iii. ÎSδ,j
p−→ ISδ,j

sketch of the proof:
i. it follows from instruments validity and standard IV asymptotic theory

ii. consistency of α̂δ yields consistency of v̂ti and hence it suffices to apply Barndorff et
alli’s (2011) Lemma 1 given that assumption A ensures that their assumption U holds

iii. it ensues from Slutsky’s theorem
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alternative instruments

to deal with higher persistence, we contemplate market microstructure noises that
follow MA(∞) processes, though kind of uncorrelated across different markets

we now look at log-prices of a different asset that trades on L different trading
platforms:

∆Yti = αδ,Yβ
′Yti−1 + ηti , (15)

as before, observed log-prices include a market microstructure error

W`,ti = Y`,ti + U`,ti , ` = k + 1, . . . , k + L (16)

we explore the contemporaneous correlation between εti and ηti

⇒ disturbances contain market component

instrument validity follows from the I(0) component of the Granger representations
of the log-price processes Pti and Yti
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alternative noise assumption

assumption B
U`,ti , is a covariance-stationary MA(∞) process with mean zero

U`,ti =

∞∑
h=0

Φ`,hν`,ti−h , ` = 1, . . . , k + L (17)

satisfying the following conditions:

1. γj,`(q) ≡ E
(
Uj,ti U`,ti−q

)
= 0 for q ≥ 0, j = 1, . . . , k and ` = k + 1, . . . , k + L.

2. ρj,s (q) ≡ E
(
εj,ti−q Us,ti

)
<∞ for q ≥ 0 and j, s = 1, . . . , k.

3. ρj,`(q) ≡ E
(
εj,ti−q U`,ti

)
= 0 for q ≥ 0, j = 1, . . . , k and ` = k + 1, . . . , k + L.

4.
∑∞

h=0
∣∣Φj,h

∣∣ <∞, j = 1, . . . , k + L.

B1 rules out correlation between market microstructure noise in the two sets of
markets, whereas B2 allows market microstructure noise to correlate with the efficient
log-price through the idiosyncratic component
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example

let m = 1, k = 2, L = 2 and β′ = (1,−1) in (5) and (15).

a valid set of instruments for X̃ti−1 in (9) is Zti−1 = W̃ti−1 =
(
W1,ti−1 −W2,ti−1

)
such that

i. E [Zti−1 vti ] = 0,

ii. E

[
Zti−1 P̃ti−1

]
=
∑∞

h=0 ΘhΛδΓ′h <∞,

where Γh is the difference between the first and second rows of the I(0) term in the
Granger representation of Yti , and Λδ = E

[
εti η
′
ti

]
.

identification comes from the contemporaneous correlation among different assets
traded at different exchanges
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Monte Carlo study

we simulate bivariate OU processes, using the exact discrete representation of (3)
with δ = 1/93600 (0.25 seconds)

we sample at four different frequencies, namely, δ = 0.25, 0.5, 1, 5 seconds.

α0,t and Ωt are daily stochastic processes with t = 1, . . . , 125 and the instantaneous
correlation between the two markets is constant over time: % ∈ {0, 0.3, 0.5, 0.7, 0.9}.

market microstructure noise Uj,ti is a a white noise process with a variance ω2
j that

remains constant across sampling frequencies⇒ three different noise-to-signal ratios

NSR =
2ω2

σ2δ + 2ω2 ∈ {2%, 9%, 17%} (18)
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Monte Carlo results under assumption A
NSR=17% NSR=9% NSR=2%

bias RMSE bias RMSE bias RMSE
% freq LS IV LS/IV R2

XZ LS IV LS/IV R2
XZ LS IV LS/IV R2

XZ

0.90 5.00 121.1 -2.8 1.35 0.12 84.8 -2.4 1.04 0.17 26.3 -1.1 0.52 0.26
-126.7 -0.4 1.39 -89.3 3.0 1.08 -27.6 2.9 0.53

1.00 121.1 -2.0 2.93 0.12 84.7 -1.6 2.21 0.17 26.2 -0.3 0.83 0.26
-126.6 1.8 3.04 -89.2 1.6 2.31 -27.5 1.2 0.86

0.50 121.1 -1.1 4.15 0.12 84.8 -0.9 3.09 0.17 26.1 -0.2 1.11 0.26
-126.6 1.7 4.29 -89.1 1.1 3.25 -27.5 0.5 1.15

0.25 121.1 -1.5 5.87 0.12 84.7 -0.6 4.38 0.17 26.1 -0.7 1.51 0.26
-126.6 1.0 6.07 -89.1 1.0 4.57 -27.6 -0.3 1.58

0.50 5.00 42.3 -2.7 1.28 0.23 24.0 -1.9 0.84 0.27 5.6 -1.7 0.47 0.30
-44.6 1.9 1.34 -25.3 2.4 0.87 -5.7 1.5 0.47

1.00 42.4 -1.5 2.73 0.23 23.9 -0.7 1.64 0.27 5.5 -0.2 0.59 0.30
-44.5 0.7 2.84 -25.2 0.8 1.72 -5.6 0.7 0.59

0.50 42.4 -0.4 3.84 0.23 23.9 -0.3 2.29 0.27 5.4 -0.3 0.69 0.30
-44.4 0.7 3.99 -25.2 0.4 2.39 -5.7 0.1 0.71

0.25 42.4 -0.5 5.41 0.23 23.9 -0.2 3.21 0.27 5.4 -0.2 0.87 0.30
-44.4 0.3 5.64 -25.2 0.3 3.37 -5.7 0.2 0.90

0.00 5.00 24.0 -1.9 1.13 0.27 12.9 -1.9 0.73 0.29 2.9 -1.4 0.46 0.30
-25.3 2.3 1.18 -13.7 1.8 0.76 -3.0 1.8 0.47

1.00 24.0 -0.7 2.34 0.27 12.9 -0.6 1.36 0.29 2.8 -0.3 0.53 0.30
-25.2 0.7 2.44 -13.6 0.4 1.41 -2.9 0.5 0.54

0.50 23.9 -0.3 3.30 0.27 12.9 -0.1 1.88 0.29 2.8 -0.1 0.61 0.30
-25.2 0.4 3.43 -13.6 0.4 1.95 -2.9 0.2 0.62

0.25 23.9 -0.3 4.60 0.27 12.8 -0.2 2.59 0.29 2.7 -0.1 0.73 0.30
-25.2 0.2 4.84 -13.6 0.2 2.70 -2.9 0.2 0.75

bias is multiplied by 1000

Zti−2 =
(

X̃ti−2 , . . . , X̃ti−6

)′
.

IV estimator of αδ entails a lower RMSE than the inconsistent least-squares estimator,
especially as ω2 increases
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Monte Carlo results under assumption B

NSR=17% NSR=9% NSR=2%
bias RMSE bias RMSE bias RMSE

% freq LS IV LS/IV R2
XZ LS IV LS/IV R2

XZ LS IV LS/IV R2
XZ

0.90 5.00 6.4 -27.0 0.43 0.11 5.1 -16.7 0.46 0.17 2.3 -2.8 0.51 0.30
-5.0 27.3 0.43 -4.2 16.8 0.45 -1.9 3.2 0.51

1.00 46.7 -2.1 2.04 0.11 36.1 -1.0 2.04 0.17 14.2 -0.3 1.28 0.30
-46.6 1.7 2.01 -36.1 0.8 2.02 -13.9 0.2 1.28

0.50 87.8 -0.5 3.83 0.11 65.7 -0.3 3.34 0.17 23.3 -0.1 1.54 0.30
-88.1 0.4 3.80 -65.9 0.2 3.32 -23.3 0.1 1.53

0.25 124.0 -0.2 7.65 0.11 87.4 -0.1 5.85 0.17 27.3 -0.1 2.06 0.30
-124.1 0.1 7.61 -87.5 0.1 5.83 -27.3 0.0 2.06

0.50 5.00 4.4 -12.5 0.71 0.21 2.3 -5.7 0.75 0.27 1.2 -1.1 0.63 0.36
-1.6 12.7 0.71 -1.7 6.0 0.75 -0.1 0.9 0.63

1.00 21.7 -0.6 2.81 0.21 13.1 -0.3 2.28 0.27 3.5 -0.1 0.99 0.36
-20.6 0.6 2.79 -12.9 0.3 2.27 -3.2 0.2 0.98

0.50 36.4 -0.2 4.10 0.21 21.5 -0.1 2.88 0.27 5.2 -0.1 1.03 0.36
-35.9 0.2 4.03 -21.5 0.1 2.85 -5.1 0.1 1.01

0.25 44.1 -0.1 6.48 0.21 25.0 -0.1 4.07 0.27 5.7 0.0 1.21 0.36
-43.9 0.1 6.38 -25.0 0.1 4.03 -5.7 0.1 1.19

0.00 5.00 2.7 -8.9 0.88 0.24 1.9 -4.2 0.89 0.29 1.6 -1.2 0.64 0.37
-1.2 8.2 0.88 -0.6 3.5 0.89 0.6 0.4 0.64

1.00 13.3 -0.4 2.90 0.24 7.7 -0.2 2.18 0.29 2.0 -0.1 0.89 0.37
-12.8 0.4 2.88 -7.2 0.3 2.17 -1.4 0.2 0.88

0.50 21.7 -0.2 3.77 0.24 12.1 -0.1 2.51 0.29 2.8 -0.1 0.90 0.37
-21.4 0.2 3.71 -11.8 0.1 2.46 -2.5 0.1 0.88

0.25 25.1 -0.1 5.45 0.24 13.6 -0.1 3.30 0.29 2.9 0.0 1.01 0.37
-25.0 0.1 5.38 -13.5 0.1 3.25 -2.9 0.1 0.99

bias × 1000

we fix L = 2 and use 10 assets as instruments, Zti−1 =
(

W̃1,ti−1 , . . . , W̃10,ti−1

)′
.
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data

we investigate price discovery for Bank of America on both NASDaq (T) and NYSE
(N) from Feb/2007 to Dec/2013 (1734 days).

we use mid-quotes at the one-second frequency, yielding an average of 23,379 ob-
servations per day, and then filter them for outliers using Barndorff-Nielsen et alli’s
(2009) procedure

we compute daily estimates of α and α⊥ using both LS and IV methods as well as
their robust standard errors

resulting IS measures are

ISδ,j =

[
ξ̂δF̂
]2

j

ξ̂δK ξ̂′δ
, j = 1, 2 (19)

where K = F̂ F̂ ′ is the realized kernel estimator of the integrated variance
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findings under assumption A, α and α⊥

q = 0 and m = 5.
LS and IV estimators of α strongly differ at NYSE
different conclusion after accounting for microstructure noise in that NYSE becomes
more informative after June 2008 25 / 31



findings under Assumption A, IS measures

same conclusion with regard to market leadership as when using the α⊥.
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findings under Assumption A, α, LS and IV
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findings under Assumption A, α and α⊥

28 / 31



different specifications of q

q = 0 q = 1 q = 2 q = 3 q = 4
R2

XZ 0.27 0.15 0.10 0.07 0.05
F-statXZ 1632 804 498 339 242

standard error αδ,T 0.03 0.04 0.04 0.05 0.06
standard error αδ,N 0.03 0.03 0.04 0.04 0.05

H0 : E
[
X̃ti−1 v1,ti

]
= 0 40% 39% 36% 34% 31%

H0 : E
[
X̃ti−1 v2,ti

]
= 0 98% 98% 98% 97% 96%

agreement with q = 0 89% 81% 79% 79%

instruments lose strength as q increases, yielding higher standard errors of the IV
estimator given the square-summability of Ξ∗δ(L) in the Granger representation the-
orem.

we heavily reject the null that X̃ti−1 is exogenous for NYSE, whereas rejection is not
overwhelming for Nasdaq
market microstructure noise thus seems larger in the NYSE

high level of agreement across specifications
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findings under assumption B

relevance of instruments is much weaker than under assumption A: F-statXZ ≈ 50.

this holds for different assets and number of instruments

data rejects instruments validity:

E [Zti−1 vti ] = 0. (20)

this follows from Λδ,q = E
[
εti η
′
ti−q
]
6= 0 for some q > 0, which violates the

condition in (20).
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time to wrap up. . .

price discovery in continuous time

exact discretization of price discovery measures

standard econometric framework typically delivers inconsistent estimates

consistent IV estimator for two alternative settings

consistent estimates of the price discovery measures

market leadership actually flips once we account for microstructures
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