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Motivation

The fragmentation of markets has led to the study of how assets impound
information to the latent price.

Large literature investigating how homogenous securities traded on different
markets incorporate new information (price discovery analysis).
→ how the different markets contribute to the volatility of the fundamental

price has not been addressed yet.

Volatility in different venues does not deviate from each other.
→ some sort of cointegration.

How do market specific volatilities adjust towards the efficient volatility?
→ information on market’s quality.

Identification of the Granger-causality direction in the stochastic volatility dynamics.
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Contribution and Main Results
1 A measure related to the stochastic volatility to access market quality: volatility

discovery.

2 The volatility discovery measure is associated with the way market participants
process the incoming information (market sensitivity).

3 The model assumptions are validated and hence the volatility discovery framework
suits well the data.

4 Volatility discovery analysis in the 2 most important listing venues: NYSE and
Nasdaq (and Arca).

Empirical results:
1 The largest contribution towards the efficient integrated volatility ⇒ leading the

volatility discovery process:

NYSE (Nasdaq vs NYSE),
Arca (Nasdaq vs Arca),
Mixed evidences (NYSE vs Arca).
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Theoretical Framework (1)

Volatility process attached to the efficient log-price as a stochastic process.

Define the latent efficient price as

mt =

∫ t

0
audu +

∫ t

0
σudWu + m0. (1)

⇒ mt driven by two stochastic processes: W and σ.

Integrated variance (IV) of the efficient price:

IVm =

∫ t

0
σ2

udu. (2)

Because our framework consists of investigating a homogenous asset traded in multiple
markets ...

4 / 19



Theoretical Framework (2)

Continuous prices at S different markets:

ps,t =

∫ t

0
as,udu +

∫ t

0
σs,udWs,u + ps,0, s = 1, 2, ...S. (3)

⇒ Very general and simply states that the market specific stochastic processes are not
exactly the same in continuous time.

Market specific IV measures:

IVs =

∫ t

0
σ2

s,udu, s = 1, 2, ..., S. (4)

The idea that markets process information differently is consistent with rational expec-
tations (Kyle (1985)) and differences-of-opinion (Harris and Raviv (1993), Kandel and
Pearson (1995) and Banerjee and Kremer (2010)) class of models.

(4) is a theoretical measure → feasible estimates of these quantities: realized measures
(RMs).
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Theoretical Framework (3)

Price Discovery:

Discrete approximation for the dynamic of the prices → VEC model:

∆pti = γβ′pti−1 +

q∑
j=1

Υj ∆pti−j + uti , i = 1, 2, ..., N. (5)

Price discovery measures are based on the orthogonal projections of the
speed-of-adjustments coefficients, γ⊥, such that γ′⊥γ = 0.

Variants of the Component Share measure.

Variants of Hasbrouck’s 1995 Information Share.
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Theoretical Framework (4)

RMs → long memory.

Suppose that the dynamics of the vector of Rt can be approximated by a fractionally
cointegrated vector autoregressive (FCVAR) model as discussed in Johansen (2008) and
Johansen and Nielsen (2012),

∆d Rt = αβ′∆d−bLbRt +

κ∑
j=1

Γj ∆
d Lj

bRt + εt , t = 1, ..., T . (6)

Reasonable to assume that the daily RMs for the different markets fractionally
cointegrate → share a common fractionally stochastic trend, the log-IVm.

Fractional order of the realized measures is bounded by 0 < d < 1.

Range of 0.5 ≤ d < 1, RMs may be nonstationary and mean reverting (Rossi and
de Magistris (2014)).

7 / 19



Assumptions

Considering 2 markets, S = 2:

A.1 (Consistency of realized measures) The realized measures R1,t and R2,t are
consistent estimates for the daily IV1 and IV2, respectively, as N −→∞.

A.2 (Fractional order) The log-IV1,t , -IV2,t and -IVm,t are I (d) processes, with d > 0.

B.1 (Fractional cointegration) The degree of fractional cointegration, b, is equal to d ,
b = d , implying that β′Rt is an I (0) process.
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Identifying the Fractionally Common Stochastic Trend (1)

The speed of adjustment parameter, α, and its orthogonal projection, α⊥, play a
key role to the volatility discovery mechanism.

The market presenting the highest adjustment (α) to the equilibrium (efficient IV)
is the least important in the volatility discovery process.

Theoretical justification for FCVAR: existence of the fractional counterpart of the
Granger representation theorem (Johansen (2008) and Johansen and Nielsen
(2012)),

Rt = β⊥

[
α′⊥

(
I2 −

κ∑
j=1

Γj

)
β⊥

]−1

α′⊥∆−d
+ εt + ∆−(d−b)

+ Yt + µt , t = 1, ..., T . (7)
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Identifying the Fractionally Common Stochastic Trend (2)

The representation in (7) has the usual interpretation of the Granger representation
theorem, as it decomposes the process Rt into I (d) and I (d − b) components.

β = (1,−1)′ yields β⊥ = (1, 1)′, and hence the RMs from the different markets
share a single fractionally stochastic trend of order I (d),

Rm,t =

[
α′⊥

(
I2 −

κ∑
j=1

Γj

)
β⊥

]−1

α′⊥∆−d
+ εt . (8)

Rmt is seen as the natural finite sample counterpart of the theoretical efficient
log-IVm,t .

Likewise the price discovery literature, α⊥ gives how the efficient stochastic
volatility is tied to RM innovations in the different markets. The volatility discovery
measures are given by:

α⊥ = (α⊥,1,α⊥,2)
′ . (9)
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Price and Volatility Discovery Dynamics: an Example (1)
Two channels of information flow: the usual price discovery process and the novel volatility
discovery mechanism.

Homogenous asset is traded in two markets.

Prices in market two track the first market as in Hasbrouck’s 1995 price discovery
model.

Stochastic volatilities are generated by a stationary error correction model where
market one does not Granger-cause market two.

While investors in market one impound all relevant information to the efficient
price, market two is exclusively responsible for determining the efficient stochastic
volatility process.

dp(t) =
[

0 0
−π π

] (
µp − p(t)

)
dt +

[
σ1(t) 0

0 σ2(t)

]
dW (t) (10)

dV (t) =
[
−θ1 θ1

0 −θ2

](
µV −V (t)

)
dt + CdB(t), (11)

where σs (t) = exp [ϕ0 + ϕ1Vs (t)] with s = 1, 2.
11 / 19



Price and Volatility Discovery Dynamics: an Example (2)

Price discovery measures

γ̂⊥ =

(
1.00
(0.00)

, 0.00
(0.00)

)′

V not informative to identify the volatility discovery channel.

FCVAR approximation of daily realized measures

∆
0.88
(0.05)

([
R1,ti
R2,ti

])
=

[
−0.11

(0.01)
0.01
(0.01)

]
︸ ︷︷ ︸

α̂

[
1 −1.04

(0.05)

]
︸ ︷︷ ︸

β̂′

[
R1,ti−1
R2,ti−1

]
+

κ∑
j=1

Γ̂j ∆
0.88
(0.05)Lj

0.88
(0.05)

Rt +

[
ε1,ti
ε2,ti

]

Volatility discovery measures

α̂⊥ =

(
0.01
(0.09)

, 0.99
(0.09)

)′

V Our framework correctly identifies market two as the sole contributor to the efficient
stochastic volatility process.
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Price versus Volatility Discovery Mechanisms (1)

Volatility persistence is driven by the rate of information arrival and sensitivity of
market participants to information (Tauchen and Pitts (1983), Andersen (1996),
Liesenfeld (2001) among others),

∆mti = ξtof ti , (12)

ln (RVm,t ) = 2 ln (ξt ) + ln

( N∑
i=1

of 2
ti

)
, (13)

Berger, Chaboud, and Hjalmarsson (2009) show that both terms in (13) are long
memory, and hence the fractional trend in (8) must contain both terms.
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Price versus Volatility Discovery Mechanisms (2)

Proposition 1 formally relates the price and volatility discovery mechanisms:

RVm,t =

N∑
i=1

(
γ′⊥eti e

′
ti γ⊥

)
+ α′⊥

N∑
i=1

Ai + initial value. (14)

where Ai include terms from the from the I(0) component of the Granger
representation theorem of the observed prices,

pti = β⊥

[
γ′⊥

(
I −

q∑
j=1

Υj

)
β′⊥

]−1

γ′⊥

i∑
j=1

etj +

∞∑
j=0

Ξjeti−j + pt0 .

The first term in (14) is the denominator of Hasbrouck’s 1995 IS measure, and
hence we associate it to the price discovery mechanism.

We then relate α′⊥
∑N

i=1 Ai to the market’s sensitivity to information, as the Ai
term contains the terms associated with short-run deviations from the efficient price.
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Price versus Volatility Discovery Mechanisms (3)

Proposition 1 is consistent with our simulations, where the price discovery measure
is only able to identify the importance of market 1 (the sole contributor to price
discovery) and disregards entirely market 2 (the sole contributor to volatility
discovery).

The market sensitivity should be driven by other factors than liquidity, such as
changes in the market participants’ appetite for risk and the general degree of
uncertainty.

High levels of disagreement among market participants with regard to news affect
the efficient realized variance. The volatility discovery measures loads on this
component.

The decomposition in (14) signals that liquidity should play a less prominent role in
the volatility discovery mechanism than it does in the price discovery process.
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Results: Volatility Discovery (1)

We compute volatility discovery for 30 actively traded stocks in the U.S. from
January 2007 to December 2013.

Model assumptions are heavily supported by data, i.e. the RMs are long memory
and fractionally cointegrated processes with β = (1,−1)′.

H.1 H0: α1 = 0 or equivalently α⊥,2 = 0. Volatility discovery is exclusively in market 1,

H.2 H0: α2 = 0 or equivalently α⊥,1 = 0. Volatility discovery is exclusively in market 2.

When κ = 0 in the FCVAR, testing for weak exogeneity implies testing for Granger-
causality (strong exogeneity).
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Results: Volatility Discovery (2)

Volatility Discovery Measures (selection)

Nasdaq-Arca Nasdaq-Nyse Arca-Nyse
α̂⊥,1 α̂⊥,2 α̂⊥,1 α̂⊥,2 α̂⊥,1 α̂⊥,2

AA 0.57 [0.13] 0.43 [0.25] 0.45 [0.15] 0.55 [0.09] 0.52 [0.06] 0.48 [0.09]
AAPL 0.85 [0.11] 0.15 [0.78] - - - - - - - -
BAC 0.74 [0.11] 0.26 [0.58] 0.88 [0.01] 0.12 [0.74] 0.73 [0.06] 0.27 [0.49]
BRKB 0.34 [0.25] 0.66 [0.02] - - - - - - - -
C - - - - - - - - 1.20 [0.00] -0.20 [0.61]
CSCO 0.68 [0.01] 0.32 [0.22] - - - - - - - -
F -0.10 [0.87] 1.10 [0.07] 1.08 [0.01] -0.08 [0.85] 1.43 [0.00] -0.43 [0.32]
GE 0.00 [0.99] 1.00 [0.06] 0.87 [0.03] 0.13 [0.74] 1.27 [0.01] -0.27 [0.57]
GM -0.11 [0.81] 1.11 [0.01] 0.64 [0.02] 0.36 [0.19] 0.91 [0.01] 0.09 [0.80]
GOOG 0.27 [0.48] 0.73 [0.05] - - - - - - - -

Nasdaq-Arca: Arca leads in 68% of the assets. Nasdaq does not Granger-cause
Arca in 58% of the assets.

Nasdaq-Nyse: Nyse leads in 68% of the assets. Nasdaq does not Granger-cause
Nyse in 47% of the assets.

Robustness : d and b as free parameters; results are transitive (three-dimensional
FCVAR model).
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Obrigado!
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